Optimum design of a polarimeter for visible light
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The principles for the design of a polarimeter to analyze visible light are deduced and a design is
suggested. This design provides maximum accuracy in the determination of the Stokes
parameters, the procedure for analysis is simple, and it is easily adapted to automatic operation.

INTRODUCTION

In the literature there are many prescriptions for obtaining
the state of polarization of a light beam, i.e., the Stokes pa-
rameters or some equivalent formulation in terms of the den-
sity matrix in photon spin space. Originally, these param-
eters were defined by an experimental procedure' and this
same procedure is often prescribed for the analysis of polar-
ized light."> However, it is not obvious that this procedure is
the most convenient, nor the most accurate for determining
the parameters of a light beam with an arbitrary and un-
known state of polarization. For example, these experimen-
tal procedures usually call for a quarter-wave plate, which
may not be available and, in any case, it is not really neces-
sary. In fact, as will be shown, the most accurate arrange-
ment makes use of a A /3 plate, but any plate whose retarda-
tion lies in the range 24 /9 to 44 /9 is quite satisfactory. The
object of this note is to establish the criteria and to suggest a
design for an instrument which will analyze polarized light
as accurately and as conveniently as possible.

I. THEORY

Polarized light is analyzed by passing it first through a
birefringent plate, then through a Polaroid or a Nicol prism,
and measuring the intensity of the light which emerges,
which may be conveniently done using a photodiode. This
intensity depends on the orientations of both the plate and
the Polaroid. Since in the general case of partially polarized
light, there are four Stokes parameters to be determined,
four measurements of intensity must be made with different
orientations of the plate and the Polaroid. These give four
linear simultaneous equations which can be solved to obtain
the Stokes parameters. The object is to find a set of orienta-
tions for which these equations are as well conditioned as
possible.

Now, for any orientation of the plate and the Polaroid,
there is one state of polarization which is transmitted with-
out loss of intensity. Let us represent this polarization state
by a point A on the Poincare sphere. Suppose that light, in a
state of polarization represented by a point B on the Poincaré
sphere, is incident on the plate. Then the intensity fraction
transmitted is equal to cos”® ¢, where 24 is the great circle
distance between A and B. Since this is a monotonic function
of ¢ in the range 0°<¢< 180", it is intuitively obvious that for
the greatest accuracy in the determination of the Stokes pa-
rameters, the points A, A,, A;, and A,, representing the
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four settings of the plate and the Polaroid at which intensity
measurements are made, should be as far apart from each
other as possible, and this is accomplished by citing them at
the four vertices of a regular tetrahedron inscribed in the
Poincaré sphere.

Any three vertices of this tetrahedron define an equilat-
eral spherical triangle whose angles are 120° and whose sides
are 40, where cos 49 = — 1/3 or 8 = 27.3678°. Now let us
locate these points on the Poincaré sphere by their latitude
and longitude, with the usual convention that the poles rep-
resent circularly polarized light, the equator represents
plane polarized light, and the point on the equator with lon-
gitude zero represents light whose electric vector lies in the
reference direction—an arbitrarily chosen direction perpen-
dicular to the light beam. Then we can locate two of the
points, A, and A, say, on the equator at longitudes + 26.
The setting which gives this is when the plane of the electric
vector passed by the Polaroid, and a principal plane of the
plate, are both at an angle of either + 6 or — @ to the refer-
ence direction. The other vertices of the tetrahedron, A; and
A, are located at longitude 180° and latitude 4 26. Itisa
simple exercise in spherical trigonometry to show that the
settings, where the Polaroid is placed at + & and the plate at
T 6, and the phase difference 6 introduced by the birefrin-
gent plate is 120° (the angle at a vertex of one of these spheri-
cal triangles) pass light whose polarization is represented by
Ajor A,

The same result is obtained, but with much laborious
algebra, by analyzing the transmission of light through the
plate and the Polaroid using some variety of the Jones calcu-
lus. The four simultaneous equations are obtained, and an
expression for the determinant of the coefficients is found.
This expression is then differentiated to find the conditions
which make it 2 maximum. It depends on & through a factor

sin & sin®(8/2) , (1)

so that the conditions required for the orientation of the
plate and the Polaroid to ensure accuracy in the determina-
tion of the Stokes parameters are independent of those re-

_ quired for 8. The effect on the accuracy of the results when &

is different from 120° is easily seen by inspecting Egs. (4).
Since it is not feasible to vary the phase difference produced
by the birefringent plate, a compromise is needed; that
expression (1) is as large as possible over the whole visible
spectrum. Such a compromise can be had by making
8 = 120° at a wavelength 44,/3. Then, assuming that & is
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