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Breathing Mode in a Pattern-Forming System with Two Competing Lengths
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We study interfacial pattern formation during directional growth from the isotropic phase of a
cholesteric liquid crystal that, at equilibrium, has a length 27/go. We find an oscillatory first instability
to the cellular pattern and a second bifurcation to an oscillatory mode (breathing mode) when the
pattern’s wave number, g, is 0.5g0 < g <go. The breathing mode frequency is linear in g. This is the
first observation in pattern-forming systems of an oscillatory mode due to competition between two in-

commensurate but comparable lengths.

PACS numbers: 47.20.Hw, 05.70.Ln, 61.30.—v

The physical characterization of pattern-forming sys-
tems has recently received much attention [1]. Direction-
al solidification, the investigation of patterns exhibited by
solid-liquid interfaces propagating at speed v in a temper-
ature gradient Gllv, is a classic example of such a system
that has become one of the preferred systems studied by
physicists during the last few years [2]. However, as pat-
tern formation at most solid-liquid interfaces in direction-
al solidification shows behavior similar to strongly first-
order phase transitions, it cannot be studied near onset,
the region of phase space most amenable to theory. To
overcome this difficulty, Libchaber’s group [3,4] pio-
neered directional growth of nematic liquid crystals from
the isotropic liquid. As this transition is weakly first or-
der in equilibrium, its interface moving in a temperature
gradient has correspondingly small-amplitude patterns
with a well-defined wavelength, even far above onset, sug-
gesting the influence of long-range cooperative effects [5].
However, as the pattern amplitude is not small compared
to a dynamic impurity diffusion length, interesting non-
linear effects are also observed [4].

Here we consider the influence of an intrinsic length
scale on interfacial patterns during directional growth.
The materials are cholesteric liquid crystals that, as a
consequence of their handedness, at equilibrium have a
macroscopic intrinsic length, the helical pitch, 2z/qo. We
describe impressive competing effects that arise when this
intrinsic length, 27/go, is comparable to a nonequilibrium
length, 27/q, defined by the pattern’s wavelength. In con-
trast to the nematic case [3] for which g¢=0, the onset of
the first instability at the cholesteric-isotropic interface is
time dependent. There is a second bifurcation to a non-
linear oscillatory pattern that we call a breathing mode.
The simple picture to emerge is that the equilibrium
cholesteric structure favors a uniform g¢ across the inter-
face while the nonequilibrium driving force creates a spa-
tially periodic elastic stress of wave number g. When g is
comparable but incommensurate with g, the elastic
response of the ordered state is out of phase with the driv-
ing force resulting in an oscillatory mode.

Nematic liquid crystals break continuous rotational
symmetry of the isotropic liquid. They are liquid phases
with long-range orientational order [6] along a unit vec-
tor n that does not distinguish between head and tail. We
study a mixture of the nematic liquid crystal 8CB
(cyano-octyl biphenyl) and the chiral impurity C15
[cyano (methyl) butoxybiphenyll at concentration ce
=9% by weight. The equilibrium structure of this cho-
lesteric liquid crystal [6] is a right-handed helix in which
n spontaneously rotates uniformly about a twist axis, qo,
where qoLn. The pitch, po=2n/q, is the distance for a
2r rotation of n. Cholesteric liquid crystals break con-
tinuous rotational and continuous translational symmetry
of the isotropic liquid.

Directional growth patterns with wave number g are
driven by spatial variations in impurity concentration ¢
that enable the interface to deviate from a constant tem-
perature surface. Indeed, the pure 8CB used here does
not exhibit patterns for G > 1 K/cm. For this system, the
measured dependence of the transition temperature to the
isotropic phase on ¢ is T'ch.s(°C) =40.36 —0.22¢(wt. %).
However, the cholesteric pitch po depends on concentra-
tion ¢ of a chiral impurity following the linear relation
[6,7): go(um ~') =0.02c(wt.%). For the co used here,
qo=2n/po=2n/(38.5 um). These relations, measured
under equilibrium conditions, are accurate to 2%. Thus,
by tuning q it is possible to observe competition between
the nonequilibrium driving force creating spatial varia-
tions in ¢, and therefore go<c, and long-range orienta-
tional forces favoring a constant qo.

The material is between two 1-mm-thick microscope
slides prepared [8] with nliZ on each slide of X-Z dimen-
sions 26 mm X40 mm. To allow a uniform 27 twist in n
along y, sample thicknesses range from 37 to 41 um. We
selected this particular thickness range and glass-liquid
crystal boundary condition to provide defect-free contacts
for the cholesteric helical structure at the glass surface
[7,9] and to minimize 3D effects that give complicated
patterns.

In the experiment, the sample is placed in a fixed con-

3239



VOLUME 67, NUMBER 23

PHYSICAL REVIEW LETTERS

2 DECEMBER 1991

stant temperature gradient, G =7.5+0.01 K/cm and
GliZ, chosen so that the cholesteric-isotropic interface,
viewed along ¥, is visible through an optical microscope.
The interface is forced to propagate into the isotropic
liquid at a constant speed vIIG by displacing the sample
at —v to colder temperatures. For v < v,, the interface
profile is parallel to an isotherm (i.e., IIX). Above a criti-
cal speed, v, =19+ 0.5 um/s, there is a bifurcation to a
cellular pattern with a well-determined wavelength, 27/g,
the distance between grooves. g depends [10] on both v
and G. As q is well defined even when v=3v,, it was
determined from the pattern’s power spectrum at each
speed v.

We scale g by the equilibrium length g¢ because the
length for impurity diffusion, /p, is small in liquid crys-
tals. Taking the impurity diffusion constant in the isotro-
pic liquid as [11] D;~4%10"7 cm?/s, Ip=D;/v <2.1 uym
«2r/q~130 ym when v==v, while g/go~0O(1). Thus,
the equilibrium g¢ is a physically relevant scale for q.
Figure 1 shows that g/qo is linear in e=(v—uv.)/v. for
€= 0.05.

A striking feature of cholesteric-isotropic patterns is
their dynamics on time scales > 1 s, i.e., longer than the
dynamic diffusion time, D;/v? =< 0.2 s. However, orienta-
tional diffusion relaxes the gradients in qo created by the
pattern at the interface. The diffusion constant for this
process is DOEK2/71=8><10_7 cm?/s=2D;,. K, is a
twist elastic constant and y, the rotational viscosity [12].
As go=0, both an intrinsic speed, vy =Do/po~2.1 um/s,
and frequency, wc1/27t=Doq§~2 s 7!, can be defined.

Space-time plots of groove positions at the first bifurca-
tion for the cholesteric-isotropic interface show the cellu-
lar pattern propagating parallel to the interface at speed
vy. Both directions of propagation are observed. In con-
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FIG. 1. The wave number g of the cellular pattern scaled by
the equilibrium wave number g9 and the pattern speed v, paral-
lel to the interface scaled by a speed characteristic of director
diffusion and qo, v =K2g0/27y), as a function of the control
parameter ¢.
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trast to the qo=0 case [3] the first instability for the
qo=0 interface is a Hopf bifurcation. Figure 1 shows
vy /vei~0(1) is linear in €, but the scaling factor for v, is
sensitive to defect shedding by the interface, as shown by
the observation of two linear regimes for v, vs ¢ in Fig. 1.

For the six data points in the first regime, 0 <e <2,
0x/ve1=0.326+0.3 and the orientation of the twist axis
qo, determined by the boundary condition, is along §
only. For the four data points in the second regime,
2.1 <€<3.5, vy/ve=0.606+0.03, the twist axis qo has
two spatial degrees of freedom as evidenced by the for-
mation of A defects [6,7,13] [Fig. 2(a)] and the helical
pattern they form in an K-t space-time plot [Fig. 2(b)].
The additional degree of freedom for qg in the second re-
gime correlates with a doubling of the slope in Fig. 1 for
vx/ve vs € when €> 2 compared to e <2. The two lines
cross at e~1 and g =0.5q¢ where the breathing mode
starts at a new, second critical speed vB=2p.~38.5
um/s.

Figure 2(a) is one video frame of the breathing mode
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FIG. 2. (a) One video frame showing the breathing-mode
pattern decorated behind the interface by disclination lines
when e =0.56 viewed with polarizers crossed at 45° to the
sides of the frame. The A defect is seen as the wavy bright line
surrounded by two wavy dark lines. The black region at the ex-
treme left is the isotropic phase. The bright band next to it is
the cholesteric-isotropic meniscus. Inset: The temperature and
length scale as well as the frame of reference used in this paper.
(b) Space-time helices of the breathing mode decorated by os-
cillating A defects observed when ez =0.82: ¢ =70.0 um/s and
vy ==3.45 um/s.
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decorated by an array of A-defect lines shed by the inter-
face [13] in the regime 2 < e<3.5. In Fig. 2(a), v =60
um/s or eg= (v —v8)/v8=0.56. Oscillations of neighbor-
ing lines are in antiphase whereas next-nearest neighbors
are in phase. In the uniform region between the lines,
qolly. While the defect oscillatory motion is nearly 1D at
ep =0.56 [Fig. 2(a)] where the oscillation amplitude is
maximum, it is observably 2D at €5 =0.82 as shown by
the space-time helices (and a dislocation) in Fig. 2(b).
The space-time plot is obtained by capturing a single
video line parallel to X just behind the interface every
0.25 s then replotting the lines in sequence. Although an
oscillatory mode was predicted for incommensurate pat-
tern forming systems far above onset [14], this is the first
time such a mode has been observed resulting from com-
petition between equilibrium and nonequilibrium forces
[15].

In the breathing mode, the oscillation amplitude mea-
sured parallel to x grows from zero at e~1 when v~40
um/s, peaks (largest measured amplitude was —~27
um~1.5n/qe) at e~2, then decreases to zero when
€~3.2 and cells are no longer visible defining an upper
critical speed [10] v¥~80 um/s. Because of a coupling
[6,16,17] between qo and v, when € > 3.5, the helix again
rotates [18] so that qollv. At even larger v, a coherent
helix structure no longer forms [18]: go=0.

A feature of the breathing mode is that alternate
grooves grow while nearest neighbors shrink giving an al-
ternating chain of large and small grooves doubling the
pattern wavelength (i.e., halving the wave number plotted
in Fig. 1). A video line parallel to X, crossing the array of
longer grooves but not the array of shorter ones, is cap-
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FIG. 3. Dispersion curve for the breathing mode. The fre-
quency o is scaled with an elastic frequency w. and q/2 by qo.
The sample thicknesses are 41 um (®) and 37 um (0). To
within experimental uncertainty, the breathing-mode group ve-
locity is a constant and 95 um/s>ve. Time increases upward
for the 2D space-time crystal shown in the inset.

tured every ~0.3 s then replotted in sequence. The binar-
ized example in the inset of Fig. 3 taken at ez =0.1 shows
the pattern in a standing-wave mode. The dispersion re-
lation for the driven breathing model is obtained by
Fourier transforming the x-¢ plots to obtain a structure
factor, S(g,w). In Fig. 3, ¢/2 is scaled by g¢ and the os-
cillation frequency, w, by a characteristic frequency for
director diffusion, w. =27Dogd =gq0(84 um/s). The best
line to the data is w/we=—0.23+1.13q/2g¢ with a
group velocity v, =95 um/s>>ve: The breathing mode is
nondispersive and nonlinear. Occasionally a group of
breathing cells travels parallel to X at speeds large com-
pared to ve in an excitation similar to the “solitons” of
Simon, Bechhoefer, and Libchaber [4]. Space-time plots
at 40 um/s showed soliton speeds ranging from 12 to 16
um/s~K,qo/y) <v,. The large value for vy deduced
from Fig. 3 is a measure of the decisive role played in this
pattern by the nonequilibrium driving force.

We digitized a series of frames of the breathing mode
to extract the variation in elastic energy in one breathing
cycle. Three such frames captured at /T = —0.4, 0, and
0.4 are shown in Fig. 4 with the digitized profiles, z;(x),
superimposed. Here v =50 um/s. The breathing-mode
period is 7=4.7 +0.02 s and its wavelength is 124 um.

Because conservation of impurities requires impurity
deficit from co in the tip region be balanced by impurity
excess in a groove, we integrate z;(x) for each frame to
find z - corresponding to c». The cholesteric elastic ener-
gy is then proportional to (z; —z«)2, shown as the white
curves plotted on the black strip below each frame. Here
we see that the elastic energy associated with the larger
grooves towers above that of the smaller ones where it is

R75 um

FIG. 4. Video frames of the breathing mode for 1/7T = —0.4,
0, and 0.4, where T is the period of the mode measured to be
4.7+0.02 s at v =50 um/s. The digitized profiles, z;(x), are
overlaid in each frame. The variation in elastic energy density
across the interface, deduced from z;(x), is shown in the black
region below each frame.
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nearly zero just before the next period. A simple picture
to emerge is that the equilibrium elastic energy in the
cholesteric phase favors a uniform g across the interface.
Because the nonequilibrium driving force creates a spa-
tially periodic elastic stress of wave number g, where
go> q > 0.5q0, the slower elastic response of the ordered
state is out of phase resulting in an oscillatory mode.

We note that a nonlinear oscillatory mode, presumably
also arising from competition between two lengths, has
recently been observed over parts of Al-Cu alloys close to
the eutectic [19]. However, its length scale is more than
4 orders of magnitude smaller than observed here so it
must be investigated by electron microscopy instead of
optical microscopy and time-resolved studies are more
difficult. As the cholesteric-isotropic system is transpar-
ent and its pattern-forming aspects can be easily investi-
gated in space and time, its study may help understand
the origin of similar patterns in the experimentally more
difficult metallurgical systems.

In conclusion, the existence of an intrinsic length 27/g¢
in cholesteric liquid crystals can give rise to a frequency
for the response of interfacial patterns with wave number
g to perturbations from the equilibrium structure. After
carefully choosing boundary conditions and sample di-
mensions, we tuned g and explored the regime g ~go. In
this regime, the first instability to the cellular pattern is a
Hopf bifurcation. A frequency is not associated with the
cellular bifurcation when go=0. A second bifurcation to
a nonlinear breathing mode is observed when 0.5¢q¢
<g <qo.
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FIG. 2. (a) One video frame showing the breathing-mode
pattern decorated behind the interface by disclination lines
when €5 =0.56 viewed with polarizers crossed at 45° to the
sides of the frame. The A defect is seen as the wavy bright line
surrounded by two wavy dark lines. The black region at the ex-
treme left is the isotropic phase. The bright band next to it is
the cholesteric-isotropic meniscus. Inset: The temperature and
length scale as well as the frame of reference used in this paper.
(b) Space-time helices of the breathing mode decorated by os-
cillating A defects observed when €5 =0.82: ¢ =70.0 um/s and
rv=3.45 pm/s.



FIG. 4. Video frames of the breathing mode for /T = —0.4,
0, and 0.4, where T is the period of the mode measured to be
4.7%0.02 s at =50 um/s. The digitized profiles, z;(x), are
overlaid in each frame. The variation in elastic energy density
across the interface, deduced from z,(x), is shown in the black
region below each frame.



